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ON THE THEORY OF SUMMABILITY.* 

Br Glenn James. 

Silvermanf has defined the sum of a divergent series, whose sum to i 
terms is s,-, to be 

n 

(I) lim lim 2 s<a,-(a;) 

x^aa n— >» 1 
n 

where, (1) lim a t {x) = 0, (2) J] |o»te)| < if or a,(a;) ^ 0, and (3) 

n 

lim £ GfO«0 = 1; and he proved that this definition is regular. J This 

n=oo l 

paper considers similar but more general summation processes. A 
theorem which is fundamental in the theory of summability is developed. 
From this theorem certain deductions are made. The most important 
of these are: A test for the equivalence§ of two summation definitions, 
the regularity of the most|| general definition of the type of (I) and a 
theorem on the sum of certain product series. Incidentally it is proved 
that no regular definition which employs positive convergence factors 
can sum properly divergent series. In the latter part of the paper these 
theorems are transformed so as to apply to definitions based directly 
upon the terms of the series to be summed. 

n 

Consider the repeated limit, lim lim 22 0»( n > %)on{n, x), the functions 

4>i(n, x) and a,(n, x) being defined for; i any positive integer, n a positive 
integer equal to or greater than i, and x any real number. We have the 
following fundamental theorem. 

Theorem I. Given: 
(a) lim lim ai(n, x) = 0, 

i fixed, 

(6) £ Wiin, x) | <K, 



* Presented to the American Mathematical Society, under a different title, December, 1916. 

t Silverman, University of Missouri Studies, Vol. 1, No. 1. For other general definitions of 
summability see: Chapman, Quarterly Journal of Mathematics, Vol. 43, and Smail, Dissertation, 
Columbia University. 

X A definition is said to be regular when it sums every convergent series to its ordinary sum. 

§ Two definitions are said to be equivalent when every series summed by one is summed by 
the other to the same sum. 

|| "The most general" in the sense that its assumptions, as will be seen, are necessary as 
well as sufficient to establish its regularity. 
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K properly chosen, 

(c) | <l>i(n, x) | ^ e<, 

for all values of x and n, where d,i = 1, 2, 3, • • •, is a sequence of constants 
with limit zero. It follows from these assumptions that 

n 

lim lim ^ $i(n, x)ai(n, x) = 0. 
Proof. Evidently we have 



(1) 



(2) 



]T 4>i(n, x)ai(n, x) 



22 <j>i(n, x)cti(n, x) 



+ 



2 0i(«, x)on(n, x) 



22 Odin, x) 



+ 22 \4>i(n> x )\ -\otiin, x)\, 



/+i 



where e > e,-, i = 1, 2, 3, • • • . Now for an arbitrary e we can choose an 
/ such that 

(3) | <t>i(n, x) | 3 d < ej2K, 

for every i > I. Then with I fixed we can, because of assumption (a), 
choose X and N x , (N depending on x), such that 



(4) 



22 on{n, x) 



< e/2e 



for x > X and n > N x . Applying (3) and assumption (b) to the second 
term and (4) to the first term in the right member of (2), we obtain 



22 <f>i(n, x)a.i(n, x) 



< e(e/2e) + K(e/2K) = e, x > X and n > N x . 



from which it follows that 

71 

lim lim 22 4>i(n, x)ai(n, x) = 0. 

aH-oo »— >co 1 

As a corollary of this theorem we have the following test for the 
equivalence of two definitions of the sum of a series. Let 



(A) 
and 

(B) 



S = lim lim 22 stP^n, x) 

a:-»oo n-^oo 1 



S = lim lim 22 Si/3/(«, x) 

a>- »co n— >oo 1 



be two such definitions, where s,- is the ordinary sum of the series to i terms. 
Corollary I. i"/ (A) sums a series, (B) sums it to the same sum pro- 
vided the difference, (s,/3/ — s,/3,) can be expressed as the product of two 
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factors at and fc such that a,- satisfies (a) and (b) and <f>i satisfies (c) of 
Theorem I. 

For we can write 

Z «A' = Z («A + «A' ~ «<ft) = Z «& + Z (Si/?/ - ««8«) 

11 11 

and the repeated limit of the second term on the right is zero by hypothesis. 
We will apply this test to show the equivalence of the definitions, 

(1) 8 = lim 1/n Z s,* 

n—^oo 1 

and 

(2) S =ir.? s -OT>- 

Here 

the sign depending upon whether we set 1/n = /?/, or 1/n = £,-. Evi- 
dently a necessary condition for the existence of either (1) or (2) is 

lim s„/n = 0. 

From this condition and the fact that n > £ it follows that 

.. s<(iA; — nA-) 
lim —7 — 1 7N = 0. 

Consequently, if (2) is known to exist, we choose 

Si(ik — sk) , . 

i(n + k) = 0i and 1/n = a * 

while if (1) is known to exist, we choose 

- s</i = <>< and n{n + k) = «*• 

These forms of a,- and <£,• satisfy the assumptions of the corollary. 
Corollaby II. Given: 

(a) lim lim «f(n, x) = 0, 

(6) $1««(n,a0| <Z, 

(c') lim lim Z «*( n > x ) = G> 



* Frobenius's Mean, See Bromwich, "Theory of Infinite Series," p. 310. 



ON THE THEORY OP STTMMABILITY. 123 

(d) 4>i(n, x) is bounded for all values of i, n and x, and the sequence <£»•(», x), 
i = 1, 2, 3, • • ■• , converges to <j>i uniformly in n and x. Then 

n 

lim lim 22 4>i(n> x)ai(n, x) = C-<£. 
For we can write 

n n n 

lim lim 22 <f>i(Xi — C-<f> = lim lim 22 #*<*»" ~ <t> um lim 22 a,- 

X— >oo n— >ao 1 a>^oo n— >oo 1 x— *oo n— >oo 1 

= lim lim 23 (<£< — <^)a t -, 

and the right member of the second identity is zero, since {<jn — <f>) 
satisfies assumption (c) of the above theorem. 

If on(n, x) takes the form f(z t )Azt where f(z) is absolutely integrable 

TO 

on the interval a to 6 and 22 A«< = b — a, and if <£,• is the sum to i terms 
of a convergent series, the conclusion of the above corollary takes the form 

lim £/0i)<£,A2* = lim <£»• I f{z)dz. 

This summation process is regular whenever the integral on the right is 
unity. Hence we can obtain any number of regular definitions of summa- 
bility by choosing different functions with which it is possible to set up 
definite integrals equal to unity, the functions being absolutely integrable 

on their respective intervals. For example, from { dz we infer the 

Jo 

regularity of Frobenius's Mean, lim l/»2_,Si and from I sin«ete we 

»— >oo 1 «/0 

n 

infer this property of lim 22 s,(x/2w) sin iir/2n. 

n— >oo 1 

More generally we consider the following definition. 

n 

(<S) S = lim lim 22 s»a,(n, x), 

where a,(n, x) is restricted as follows : 

(a') lim lim a,(n, x) = 0, 

X—>«0 tt— >00 

(6') Z|««(n, ») I S Z, a; > X, w > tf x * 

i 

and 

n 

(c") lim lim 22 oa(n, x) = 1. 



* That is, S" | QTi | is bounded for a; greater than a properly chosen X and n greater than 2V 
dependent upon x. This assumption is all that is essential in (6) of Theorem I and Corollary II. 
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That these restrictions are sufficient to make (S) regular is an obvious 
deduction from corollary II. Toeplitz* has proved that a set of restric- 
tions, equivalent to the above when «< is a function of n only are necessary 

n 

and sufficient to make the definition S = lim 2 Si<xi(ri) regular. His 

n— >co 1 

proof of the necessity of these restrictions is applicable to the case we are 
considering, that is, when a, is a function of both n and x. In this connec- 
tion it is interesting to consider the necessity of the restrictions of (S) 
in order to sum a single convergent series to its ordinary sum. We omit 
the trivial case in which all the terms of the series are zero. It is evident 
that if (c") holds, either (a') or (&') or both may fail and the series whose 
sum to i terms is constant will still sum to that constant. However if 
(a') and (b') hold, and (S) sums, to its ordinary sum, a single convergent 
series whose sum is not zero, then 

n 

lim lim £) «» = 1. 

x-> oo *u^eo I 

if it exists. This is an immediate consequence of Corollary II. 

An interesting special case of (S) is obtained by assuming that a,- is 
positive. This assumption and (c") imply (&')• We then have the 
definition, 

n 

(S) S = lim lim S s,-<*»*(n, x), 

where a,- is positive and satisfies (a') and (c") of (S). 

Definition (S) may sum properly divergent series] but {S') can not. 
Consider the definition for which the divergence factors are 

3/n, - 1/n, 3/n, - 1/n, • • •, [1 - 2(- l)']/n, 

These forms for a,- satisfy the restrictions of (S), and this definition sums, 
to zero, the properly divergent series whose sequence of sums is 



+ 1 - (- 1)< 



VT,3VT, V2,3V2, ■-., [2 + (- 1)TaJ— 

for 

» 0, n even 

• Si<Xi ~ (3/n)V(n + l)/2, n odd 

The fact that (£') can not sum properly divergent series is an instance of 
the following general theorem. 

* Toeplitz, Prace Matematyczno-fizyczno, Vol. 22 (1911), p. 113. 

f A properly divergent series is one for which Km»-»oo s„ = limn-»«> S ui — + » or — =o . 
In theorem II, which follows, it is only necessary to consider the case in which limn-»oo s n •= + ">. 



ON THE THEORY OF STJMMABILITY. 125 

Let at be not only a function of i, a positive integer, but of any other 

n 

variables whatever and let lira's ]C s<a,- denote the result of applying 

i 

n 

any limiting processes whatever to X) s«a»- Then we have 

i 

Theorem II. If the definition, 

S = lim's 2 Si<x,-, 

where «i > 0, is regular, it can not sum properly divergent series. 

Proof. Let the series whose sum to i terms is s< properly diverge. 
Then for an arbitrary C, we can choose j such that St > C for every 
i >j. Now consider the sequences, 

(1) *li Si, S 3 , ■ •, Sj, Sy+i, Sy +2 , • • •, 

(2) Si, S 2 , S S , • • •, Sy_i, C,C,C, ••-, 

(3) 0, 0, 0, • • •, Sy - C, s i+1 - C, Sy +2 - C, • • -. 

The second sequence arises from a series that is summable to C. Con- 
sequently if the series from which the first series arises, that is the given 
series, is summable, we have from elementary limit theory 

n n 

lim's Esw — C = tim's23 (s» — C)oa. 
Since the right member is positive however large we choose C, we conclude 

n 

that Urn's H s,aj does not exist. 

i 

As a direct application of Theorem I, we have the following theorem, 
which is not without interest for its own sake. 

Theorem III. // the series whose sum to i terms is s/ converges or 
oscillates between finite limits and is summable to s', by (S), and if the series 
whose sum to i terms is s< converges to s, then the series whose sum to i terms 
is s/ Si sums to ss', by (S). 

Proof. Since s,' is bounded, assumptions (a) and (6) of Theorem I 
are satisfied by s/a, whenever they are satisfied by «,. Hence, in that 
theorem, we may replace a,- by s/a,- and <f>i by (s< — s) and obtain 

n 

lim lim 2 («< — s)s/a» = 
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Whence 

n n 

lim lim ^Sis/at = limlim^ss/a,- 

x->oo n— *qo 1 re— >oo n->» 1 

n 

= s lim lim 23 s.'a. 



Since many special definitions are of the form 

n 

(a) S = lim lim £ w<8<(n, #), 

where «,- is the ith term of the series to be summed, it is desirable to trans- 
form Theorem I into a form' that is directly applicable to such definitions. 
To accomplish this, substitute,* in Theorem I, 

(i) 4>i = Ee h 

i 

and 

Si — St+i, i < n 
8„, i = n 

and collect the coefficients of 6 U 2 , • • •, in the conclusion. This gives 
Theorem I. Given: 



(2) 



(e) lim lim (5,- — b i+1 ) = 0, 

i fixed, 

(/) [2|**-a*fi| + |».|]<Jr > 

or 

Zl^-S^l <K' 
and | h n \ < K", and 



(g) 



£*« 



where e,-, i = 1, 2, 3, • • ■, is a sequence of constants with limit zero, it follows 
from these hypotheses that 

n 

lim lim ^6i(n, x)Si(n, x) = 0. 

a>->co n-3>oo 1 
n 

From (2) we see that h = H «,-. Hence (c') of Corollary II gives us 

i 

lim lim 5i *= C 



* This substitution is suggested by collecting the coefficients u lt v*, ui, . . . , in £„ = 2™ (SJma) a;. 
The coefficient of w,- is 2 ™ at ( = J,-). 



COROLLARY II'. 


Given: 






i fixed. 


n— 1 




lim lim 5,- 


= c, 


(/') 


Z|5,- 


-**nl 


< if, X > I 


and 










(?') 






2 #aO, 


X) 
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which taken with (e) and (/ ) give (e') and (/') of the following transform 
of Corollary II. 



n> N x 



is bounded for all values of i, n and x, and 

i 

2 h (n, x) 
i 

converges to 6 uniformly in n and x, then 

n 

limliml><j< = C-$. 

x— *oo n— ^oo 1 

Consider now the definition 
(u) S = lim lim ^utfi, 

x-»oo n->oo 1 

where 

(e") lim lim S t = 1, 

(/") |a«-* m |<tf, 

x > X and n > N x , and the definition, («'), obtained by replacing (/") 
by the assumption 

(/"Ot S l> S 2, fa, • • •, 

is a positive, decreasing sequence. These are the definitions into which 
(S) and (£'), respectively, transform. Hence they possess all the proper- 
ties that the latter possess. For instance, the restrictions of (u) are 
necessary and sufficient to make it regular. A similar transformation of 
Theorem II is easily made and is not without interest. 

Carnegie Institute op Technology. 

* Similarly we could have used limx-»co limn_»«> 2j at = C,i fixed, instead of (a) and (c') of 
Corollar II, p. 4. 

t L. L. Smail discusses this definition in these Annals, Vol. 20 (1918). 



